Abstract. In this paper, we classify all capable nilpotent Lie algebras with derived subalgebra of dimension at most 1.
Introduction
Its about seventy years past when P. Hall uttered his famous problem. "For which group G there exists a group H with G ∼ = H/Z(H)?" He also noticed that finding such groups are important in classifying p-groups. Following Hall and Senior [9] a group G with the above property is called capable. One of the famous results on this concept is due to Baer [1] where he classified all capable groups among the direct sums of cyclic groups and hence determined all capable finitely generated abelian groups. Capable groups in the class of extra special p-groups were characterized in [4] . They studied the notion of capability and introduced a central subgroup denoted by Z * (G) to be
and showed a group G is capable if and only if Z * (G) = 1. Another notion having relation to capability is the exterior square of groups which was introduced in [5] . Using this concept G. Ellis [6] , introduced the subgroup Z ∧ (G) to be the set of all elements g of G for which g ∧ h = 1 for all h ∈ G. He could prove Z ∧ (G) = Z * (G) which is an interesting result. Recently several properties of finite p-groups has found analogues results for nilpotent Lie algebras. For instance one can see [12] which introduced the notion Z * (L) for a Lie algebra L similar to what Beyl et. al. [4] introduced for groups. They also could prove that a necessary and sufficient condition for a Lie algebra L to be capable is Z * (L) = 0. In this paper we intend to prove some results for Lie algebras. First of all, we show that the two notions Z ∧ (L) and Z * (L) for a nilpotent finite dimensional Lie algebra L are the same then we give a necessary and sufficient condition for an abelian finite dimensional Lie algebra to be capable. We also classify capable Heisenberg Lie algebras and finally using a result obtained by the first author in a joint paper [11] we give a necessary and sufficient conditions for nilpotent finite dimensional Lie algebras with dim(L 2 ) = 1, to be capable. 
preliminaries
In this section we state some lemmas to use in main results. Throughout this paper all Lie algebras are finite dimensional, A(n) and H(m) denote the abelian Lie algebra of dimension n and the Heisenberg Lie algebra of dimension 2m + 1, respectively. (
. Let L be a Lie algebra then the following sequence is a central extension.
The following lemma describes the Schur multipliers of abelian and Heisenberg algebras. (
It is a consequence of [7, Proposition 8] .
(ii) It is obtained directly by using (i).
Main Results
In this section, we classify all nilpotent Lie algebras with derived subalgebra of dimension at most 1. These Lie algebras are abelian Lie algebras and nilpotent non-abelian Lie algebras with derived subalgebra of dimension 1. It was proved in [12] that a Lie algebra L is capable if and only if Z * (L) = 0. The equality Z * (G) = Z ∧ (G) holds for any group G. Here, we prove similar result for Lie algebras and deduce that a Lie algebra L is capable if and only if Z ∧ (L) = 0. Also, we state some lemmas for Heisenberg Lie algebras to use them in main results.
Proof. Considering Lemmas 2.1 and 2.2 (i), we can see that
On the other hand, by Lemmas 2.1 and
Lemma 3.2. Let H(m) be the Heisenberg Lie algebra. Then 
The direct sum of an abelian Lie algebra and a Heisenberg Lie algebra has the derived subalgebra of dimension 1 and its interesting to know which of them are capable. The following theorem gives a necessary and sufficient condition for capability of such Lie algebras. Proof. We consider three cases as follows
In case (i), L ∼ = H(1) ⊕ A(1) and Proposition 2.8 and Theorems 3.3, 3.4 follow that
On the other hand, dim M (L/A(1)) = dim M (H(1)) = 2, and so
which implies that Z ∧ (L) = 0. In case (ii), Proposition 2.8 and Theorems 3.3, 3.4 deduce that Now the following theorem by the first author in his joint paper [11] shows nothing remains to prove. Theorem 3.6. Let L be an n-dimensional nilpotent Lie algebra and dim L 2 = 1 then L ∼ = H(m) ⊕ A(n − 2m − 1).
